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Two-Dimensional Ablation in Cylindrical Geometry
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Ablation modeling in cylindrical geometry is a very important problem in the thermal modeling of spacecraft,
which has not been dealt with adequately in the literature. In the present work, two-dimensional ablation in
cylindrical geometry is considered when the incident heat � ux varies axially as well as temporally. A novel idea
of using an effective inverse Stefan number, which is analogous to the effective heat of ablation (used in the
literature), is proposed to be used as a variable nondimensional latent heat of ablation for ablation modeling,
indirectly accounting for various processes involved in ablation. A two-dimensional ablation problem is solved by
an alternating direction implicit and adjustable time-step scheme, coupled with boundary immobilization.Quasi-
one-dimensionaland two-dimensionalmodeling methods have been compared for two different materials, and the
effects of variation of the proposed inverse Stefan number with the incident heat � ux and the presence of highly
conducting structure bonded to the ablative material have been studied. An optimum modeling method under
speci� c conditions is suggested.

Nomenclature
C1 , C2 = constants; Eq. (17)
cp = speci� c heat, J/kg K
D = domain of the ablative material
f (r, z, t ) = function describing the ablation front
Heff = effective heat of ablation, q / ( q s), J/kg
k = thermal conductivity,W/m K
L = latent heat of ablation, J/kg
l = length of the cylinder, m
n̂ = outward surface normal at any location
q(z, t ) = incident heat � ux, function of axial coordinate

and time, W/m2

r, z = radial and the axial coordinates in cylindrical
coordinate system, respectively,m

r d (z, t ) = local radius of the ablation front, function of axial
coordinate and time, m

s = local recession rate of ablation front, @d / @t , m/s
T = temperature, K
t = time, s
X = original thickness of the ablative material,

(ro ¡ ri ), m
a = thermal diffusivity in the constant thermal

conductivitymodel, m2/s
D r, D z = grid sizes in radial and axial directions,

respectively,m
D T = temperature margin used for the adjustable time step

numerical scheme, K
D t = time step, s
d (z, t ) = local ablated material thickness, m
g (r, d ) = Landau-type transformed variable,

(r ¡ ri ) /{ro ¡ ri ¡ d (z, t )}
m = inverse Stefan number, L /{cp(Tp ¡ T0)}
q = density of virgin material, kg/m3

Subscripts

avg = average
eff = effective
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i, o = inside and outside, respectively
n = normal component
net = net
p = onset of ablation
r = radial component
s = cylindrical structure
0 = initial

Superscripts

l = current time level
l ¡ 1

2 = half time step before current time level
l + 1

2 = half time step after current time level
l + 1 = one time step after current time level

Introduction

T HERMAL design and analysis of spacecraft structures and
thermal protection system (TPS) assemblies form an impor-

tant part of the design and development cycle for both launch and
reentry vehicles. This involves modeling of the ablation problem
in cylindrical geometry, for a range of low-ablation insulating ma-
terials (composites) to high-ablation (carbonaceous) materials. A
severe heat � ux, which varies with time as well as location, acts on
the ablative material, which is initially in its virgin phase. As the
temperature rises, it can experience one or several transformations,
typically pyrolysis, oxidation, and melting or sublimation, depend-
ing on the incident heat � ux variation and the material character-
istics. Because of its thermochemical nature, ablation modeling of
compositematerialsaccountingfor all intermediatetransformations
is an arduous task. Also, the regimes and rate of these intermediate
transformations strongly depend on the magnitude and the nature
of temporal variation of the incident heat � ux at a given location.
This is because the oxidation rate, mechanism of heat rejection by
reradiation, and melting or sublimation depends on the magnitude,
whereaspyrolysisdependson the nature of temporalvariationof the
incident heat � ux. Furthermore, with the spatial variation of the in-
cident heat � ux, not only the effect of multidimensionalityon heat
transfer will come into picture, but also different transformations
will be taking place at different locations at the same time. Abla-
tion modeling of a spacecraft TPS accounting for all intermediate
transformations thus becomes a major challenge.

Because of its practical importance, the ablation problem has
received considerable attention. One-dimensional planar ablation
has been studied analytically by Landau.1 Analytical approximate
methods such as heat balance integral and variationalmethods were
introducedby several workers2 ¡ 4 to treat the nonlinearnature of the
governingequationsfor planarone-dimensionalablation,especially
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when the incident heat � ux is time dependent. Because the choice
of the approximate pro� le determines the accuracy of the solution
in using cited methods, the general integral method was introduced
by Venkateshanand Solaiappan,5 in which the general integral rela-
tion is independentof the choice of the pro� le. Ledder6 reduced the
planar steady one-dimensionalablationproblem to a single Volterra
integral equation by the spatial Laplace transform method. An in-
verse problem of planarone-dimensionalnonlinearheat conduction
with surface ablation to recover the time-dependent heat � ux and
surface recession history has been considered recently.7

One-dimensional ablation in cylindrical coordinates using
Landau1 transformation and a � nite control volume procedure was
considered recently by Blackwell and Hogan.8 Because the spher-
ical geometry is applicable to ablation at nose cone of a reentry
vehicle, two-dimensionalablation of a sphere has been considered9

by application of a novel deforming � nite element technique. Ab-
lation of a spherical body was numerically modeled as two-phase
Stefan problem10 through a � xed domain numerical scheme based
on the enthalpy formulation. Hogan et al.11 applied a moving grid
control volume � nite element method to the two-dimensional ax-
isymmetric ablation problem with unstructuredgrids and presented
the practical application of this approach to the ablation of a reen-
try vehicle nose tip. Ablation modeling of compositematerials, too,
has received some attention. A one-dimensional material thermal
response model for newly developed composite phenolic impreg-
nated carbon ablators has been reported12 along with the experi-
mental results for other traditionally used materials such as carbon
and Avcoat®. Surface recession and mass loss correlationswere de-
veloped for reinforced carbon–carbon composite through thermal
testing to determine its oxidation characteristics.13

It appears that two-dimensional ablation in cylindrical geometry
has not been addressed in the literature even though it is important
in the thermal modeling of reentry and launch vehicles, where the
surface heat � ux varies spatially as well as temporally. There are
no indicationsavailable in the literature to suggest an optimum and
ef� cient modeling method for ablation problem in spacecraft TPS
design.The presentstudyaddressestheproblemof two-dimensional
ablation in cylindricalgeometry.A novel idea for ablationmodeling
for spacecraftapplicationsis proposedwithoutconsideringcomplex
chemical reactions, nonetheless indirectly accounting for all inter-
mediate transformations of the composite material through the use
of an effective inverseStefan number, when the incident heat � ux is
a function of location as well as time. For representative cases and
two different materials, the two-dimensional model is compared
with the quasi-one-dimensional model. The effect of variation of
the proposed effective inverse Stefan number with the incidentheat
� ux and the effect of presence of highly conductingstructure when
the ablative material is bonded to it are studied to suggest an op-
timum and ef� cient modeling method for spacecraft TPS design
applications.

Effective Inverse Stefan Number Model
Proposed for Composites

A novel idea for ablationmodeling of compositematerials is pro-
posed to accountfor the intermediate transformations.The effective
heat of ablation Heff , which is generally used to evaluate the per-
formance of ablative materials, is the heat absorbed per unit mass
normalized to the virgin density and is a function of incident heat
� ux itself. For a given material and for a given incidentheat � ux Heff

can be obtained from experimental databases, and the correspond-
ing value of the proposedeffectiveinverseStefan number m eff can be
found by solving an inverse problem. For a given incident heat � ux
q and for a particular value of inverse Stefan number m , the surface
recession rate s is obtained by solving the planar one-dimensional
ablation problem, which is used to evaluate the effective heat of
ablation Heff =q / ( q s). This procedure is repeated, and Heff for the
given incident heat � ux is evaluated as a function of m over a range
of interest. It is found that Heff thus evaluated increases linearly
with m for a given incident heat � ux, and m eff corresponding to the
experimental value of Heff can be obtained by this straight line � t.
The m eff thus obtained is interpreted as an effective inverse Stefan

Fig. 1 Effective heat of ablation and recession rate variation with in-
verse Stefan number.

number of the composite for the given incidentheat � ux and is anal-
ogous to Heff, which includesimplicitly the effectof all intermediate
transformations.

The described procedureof obtaining m eff is repeated for discrete
values of incident heat � ux over a range representative of launch
and entry conditions, for which Heff data based on experiments are
known. Now the variation of m eff with incident heat � ux q is ex-
pressed in the form of a polynomial of appropriate degree, which
can be used for further modeling. Hence, any spacecraft TPS abla-
tion problemcan be treatedas Stefan-typeablation for all composite
materials. The effective inverse Stefan number, which is a function
of incident heat � ux itself, is used as the non-dimensional latent
heat of ablation in this model, whose instantaneousand local value
is obtained from the preceding polynomial relationship. If the spe-
ci� c heat of the ablative material is a function of temperature, it is
evaluated at ablation temperature Tp while m eff is interpreted. The
effectsof multidimensionalityand intermediatetransformationscan
be easily handled in this way, by utilizing m eff as variable material
property data even when the incident heat � ux varies spatially as
well as temporally. Because Heff data are based on experiments,
the proposed m eff method of ablation modeling can be termed as a
semi-empirical method.

The preceding procedure is demonstrated for the ablative ma-
terial Avcoat 5026 H/CG for an incident heat � ux range of 2.27–

16.4 MW/m2 representativeof reentry conditions; the effectiveheat
of ablation along with other properties based on experimental re-
sultshavebeenpresentedin a NASA Ames ResearchCentermaterial
database.14 A 50-mm-thick,one-dimensionalslab with an insulated
boundary condition at the other end was considered for this case,
with a grid size of 0.1 mm, chosen based on a grid independence
study. It was assumed that the ablative material, which is initially at
a uniform temperature of 300 K, reradiates to an ambient at 300 K,
and the given heat � ux is applied at t =0. The resultant system of
equations was solved iterativelyby a semi-implicit � nite difference
scheme, after immobilizing the boundary through Landau1 trans-
formation. Figure 1 shows the variations of both surface recession
rate at t =10 s and Heff with m , obtainedby the describedprocedure
for an incident heat � ux of 16.4 MW/m2. For an incident heat � ux
of 16.4 MW/m2 , Ref. 14 gives an Heff of 23.8 MJ/kg based on ex-
periments, and the corresponding m eff was found to be 4.142. When
the problem is treated as Stefan-type ablation, an equivalentsurface
recession rate of 1.31 mm/s is obtained by extending the m eff line as
seen.

Figure 2 shows the variationof m eff obtainedby the describedpro-
cedure in the form of a polynomialof degree 4, the variation of Heff

as given by the NASA Ames Research Center material database,14

and the resultant surface recession rate variationat t = 10 s with the
incident heat � ux q. It can be seen that the rate of increase in the
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Fig. 2 Variation of effective inverse Stefan number and recession rate
with incident heat � ux.

surface recession rate is relatively higher at higher values of inci-
dent heat � ux because the melting or sublimation becomes severe
with further increase in q . At heating rates above 2.27 MW/m2 up to
about 5 MW/m2 , the ablation characteristic is diffusion controlled,
and the main mechanism of heat rejection is reradiation. The mate-
rial becomes more ef� cient with increasingheat � ux over this range
and is evident by the increasing trend in Heff. The second regime,
melting or sublimationrate controlled,occursat heating rates above
5 MW/m2 , where the surface recession is primarily due to melting
or sublimation, thus contributing to high recession and, thus, re-
sulting in a reduction in the resultant Heff with increase in q. The
variation of m eff with the incident heat � ux follows the same trend
because it is analogous to Heff, and its variation is quite signi� cant
over the range considered. In what follows, the m eff concept is used
for ablation modeling for the Avcoat material.

Two-Dimensional Ablation: Mathematical Modeling
Consider a metallic cylindrical structure, with an ablative mate-

rial of uniformoriginal thickness X bonded to it as shown in Fig. 3a,
with insulated boundary condition at both ends. The ablative mate-
rial is initially at a uniform temperature of T0 , less than the ablation
temperature Tp , and the surface of the cylinder, which reradiates
to an ambient at 300 K, is subjected to a given heat � ux q(z, t).
The interior surface of the ablative material can have either an insu-
lated boundary condition or a highly conducting metallic structure
attached to it without any contact resistance.The interior surface of
the metallic structure,which has a thickness of (ri ¡ rs), is assumed
to be insulated in the latter case.

Initially the material occupies the domain (ro ¡ ri ) with the outer
boundary at r = ro . Because of the thermal load, the temperature
rises, and once the ablation temperature Tp is reached at some time
t = tp at some point of the boundary, the material begins to be re-
moved. This period from t =0 to t p is referred to as the preablation
period. As the heating continues, ablation commences with the ab-
lation front progressing into the solid, and this period is referred to
as the ablation period. It is assumed that the ablated material is re-
moved instantaneouslyand completely on its formation, so that the
ablation front acts as a new (moving) boundary on which the exter-
nal heat � ux acts. For the ablationperiod t > t p , we have the domain
D =[r d (z, t) ¡ ri ], with r d (z, t ) = r0 ¡ d (z, t), where d (z, t ) is the
local ablated material thickness.

When the external � ux varies with the axial coordinate, the re-
sultant shape of the ablation front is a function of location, not only
because the local ablated material thickness depends on the magni-
tude of the local heat � ux at that instant,but also due to the variation
of m eff with incident heat � ux for composites. The rate of material
removal in this case is not uniform along the axis, and the abla-
tion front is represented by a function f (r, z, t ) =0. If the ablation

Fig. 3a Schematic of Landau-type1 transformation for axisymmetric
geometry.

Fig. 3b Example problem with steady-state ablation.

temperature Tp is attained everywhere on the surface, the surface
temperatureno longer rises, and the recessionof ablation front takes
place everywhere,but not necessarilyuniformly. If the surface tem-
perature has attained Tp even at one location, the heat removal due
to the localized ablation affects the temperature � eld everywhere
else. In this case, the surface recession is localized, and only sen-
sible heat transfer takes place at the locations wherever the surface
temperature is less than Tp . If the heat � ux is no longer applied or
decreasesafter a certain moment at a particularlocation, the temper-
ature of the moving boundary at that location could descend below
Tp , and the front ceases to advance locally, resulting in only sensible
heat transfer. If the temperature of the moving boundary descends
below Tp everywhere on the surface, only sensible heating of the
ablative material takes place throughout, with no recession of the
ablation front. When the external � ux varies with time in the form
of a pulse, it results in a nonlinear local recession rate, and ablation
can be a noncontinuousprocess. All of these cases are included in
the following governing equations.

The two-dimensional conduction equation for the ablative mate-
rial, for domain D

q cp
@T

@t
=

@

@r
k

@T

@r
+

k

r
@T

@r
+

@

@z
k

@T

@z
(1)

holds good irrespectiveof the boundary condition whether ablation
continuesor stops. For the preablationperiod, domain D = (ro ¡ ri )
is not a function of axial location. For the ablation period, domain
D =[r d (z, t ) ¡ ri ] is a function of time as well as location. When
the thermophysical properties of the ablative material depend on
temperature, the property values are evaluated explicitly, that is,
at level l during the � rst-half time step and at level l + 1

2
during

the second-half time step, thus avoiding an iterative procedure.The
maximumtemperatureriseat theoutsidesurfaceduringtheperiodof
one time step is limited to 1 K by the adjustable time step numerical
scheme in the present work, thereby limiting the rate of change of
property values with time.

The boundary conditions are as follows:
1) The preablation period or ablation front ceases to advance

locally. If T (r, z, t ) < Tp , the local energy balance gives

qn ,net j z, t = k
@T

@n
r = r d , z,t

(2)

on the stationary boundary f (r, z, t ) =0, where only sensible heat
transfer takes places.
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2) The ablation front advances locally.The interfaceequation for
ablation front f (r, z, t ) =0 is

qn ,net j z,t ¡ k
@T

@n
r = r d , z,t

= ¡ q Lsn , T (r, z, t ) = Tp (3)

For composites, L = m effcp (Tp ¡ T0) in the proposed model. The
recessionrate in the normal direction to the ablating surface sn is re-
strictedby the complementaryconditionsT (r, z, t ) < Tp and sn = 0
(stationary front) and T (r, z, t ) = Tp and sn ¸ 0 (moving front).

3) Both ends of the cylinder are assumed to be insulated:

@T

@z
r, t

= 0 at z = 0 and z = l, for ri < r < r d (4)

4) The boundaryconditionsfor the interiorsurface are as follows.
a) The insulatedboundaryconditionfor the interior surface of the

ablative material when the structure is not considered is

@T

@r
r = ri , z,t

= 0 (5)

b) When the ablativematerial is bonded to a cylindricalstructure,
the energy balance at the interface without considering the contact
resistance is

k
@T

@n
r = ri, z,t

= ks
@T

@r
r = ri , z,t

(6a)

For the interior surface of the cylindrical structure, an insulated
boundary condition is assumed:

@T

@r
r = rs , z,t

= 0 (6b)

The mathematical statement of the problem is completed by the
initial conditions:

T (r, z, 0) = T0, f (r, z, 0) = ro (7)

Equation (3) is the usual energy balance at the interface for moving
boundaryproblemsreferredto as theStefancondition.Theboundary
conditionin this form is not suitablefor a numerical solution;hence,
Eq. (3) is expressed in the more convenient form, following Patel,15

as

qr, net j z,t ¡ k 1 +
@d

@z

2
@T

@r
r = r d , z,t

= q L
@d

@t
z

(8)

in which d (z, t) =ro ¡ r d (z, t ) is the local ablated material thick-
ness. This relationship connects explicitly the temperature gradi-
ent with derivatives of the moving boundary surface written as
f (r, z, t ) = r ¡ r d (z, t ) = 0 or r = r d (z, t ).

Coordinate Transformation

It is much simpler to solve a nonlinear differential equation
with � xed spatial boundaries numerically rather than solving a lin-
ear differential equation in a region with varying spatial bound-
aries. The boundary immobilization method, which makes the
� nite difference scheme simple to program is used through a
Landau-typetransformation,1 which transforms the coordinatesys-
tem from (r, z, t ) to ( g , z, t ). The Landau transformation, which
was originally developed for moving boundary problems with one-
dimensionalplanargeometries, is extendedhere to an axisymmetric
geometry. It transforms the radial coordinate such that the nondi-
mensionalthicknessof the remainingablativematerialat a particular
location (z value) is always unity for all time t as shown schemati-
cally in Fig. 3a. Mathematically, the transformation is given by

g (r, d ) =
r ¡ ri

ro ¡ ri ¡ d (z, t)
(9)

This results in the following: at r = r d (z, t ), g = 1 and at r = ri ,
g =0. T (r, z, t ) transformed to T ( g , z, t ) satis� es the following
equations.

The two-dimensional conduction equation for the domain D
becomes
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(10)

The last two terms on the right-hand side of Eq. (10) account for
temperature-dependent thermal conductivity and are evaluated ex-
plicitly.

The boundary conditions are then as follows:
1) For the preablation period or when ablation front ceases to

advance locally, if T ( g , z, t ) < Tp at a location on the interface
r = r d (z, t ) with g = 1 , then

(ro ¡ ri ¡ d )qr,net j z,t = k 1 +
@d

@z
t

2

@T

@g
g = 1, z,t

(11)

2)When theablationfrontadvanceslocally,the interfaceequation
for the local ablation front becomes

(ro ¡ ri ¡ d )qr,net j z,t ¡ k 1 +
@d

@z
t

2

@T

@g
g = 1, z, t

= q L(ro ¡ ri ¡ d )
@d

@t
z

, T ( g , z, t) = Tp (12)

on the moving boundary r = r d (z, t) with g =1; with complemen-
tary conditionsT ( g , z, t ) < Tp and sn =0 and (stationary front) and
T ( g , z, t) = Tp and sn ¸ 0 (moving front).

3) The boundary condition at the ends of the cylinder becomes

@T

@z
g , t

= ¡
g

ro ¡ ri ¡ d (z, t )

@d

@z

@T

@g
z,t

at z = 0 and z = l, for 0 < g < 1 (13)

4) The boundary condition for the interior surface of the ablative
material are as follows:

a) The insulated boundary condition for the ablative material
when structure is not present is

@T

@g
g = 0,z, t

= 0 (14)

b) When the ablative material is bonded to the structure, at the
interface

k

ro ¡ ri ¡ d (z, t)
1 +

@d

@z

2
@T

@n
g = 0, z, t

= ks
@T

@r
r = ri , z,t

(15a)
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For the interior surface of the structure

@T

@r
r = rs , z,t

= 0 (15b)

Finally, the initial conditions become

T ( g , z, 0) = T0 , 0 · g · 1, r d (z, 0) = ro (16)

Thus, the problem has been transformed into a region where
0 · g ·1, and the ablation front is always at g = 1 at any location z.

Adjustable Time Step Numerical Scheme

The precedingcoupledsystem of equationsis solved iterativelyat
every time level by a � nite differencescheme.The two-dimensional
conduction equation is solved with the assumed shape of ablation
front r =r d (z, t ) and with appropriate local boundary conditions
that vary over the surface depending on whether the ablation front
advances locally or not. By the use of the temperature � eld thus ob-
tained, the assumed shape of the ablation front is checked by using
the Stefan condition at the ablation front. The iterations are con-
tinued until all of the values of d converge to the desired accuracy
(10 ¡ 10%) before proceeding to the next time level. In the described
method, the Stefan condition is solved by a semi-implicit scheme
and the two-dimensional conduction equation by an alternating di-
rection implicit (ADI) scheme because both schemes are second-
order accurate in both spatial and temporal coordinatesand also the
system of equations reduces to a tridiagonal matrix form. For the
� rst-half time step, the temperature � eld is obtained by marching in
the g direction and for the second-half time step by marching in the
z direction.

The time step used for marching not only affects the temperature
� eld obtained,but also the onset time of ablation. This is especially
true when ablation is not a continuous process, thus introducing an
error each time ablation begins.To track the onset of ablation accu-
rately, at every time level the system of Eqs. (10) and (11) is solved
consideringonly sensibleheating throughout the surface. If the sur-
face temperature thus obtained is less than ablation temperature Tp

on the whole surface, then throughout the surface no ablation takes
place and the temperature � eld obtained earlier is retained with no
recession of the ablation front (s =0). In this case, a predetermined
valueof time step is used for marching,subjected to the requirement
of numerical stability.

However, if the surface temperatureobtainedby consideringonly
sensible heating exceeds Tp at any location by a large margin, the
time step used for marching is reduced to 90% of the previous
value of the time step and the system of equations (10) and (11)
is solved again. The time step reduction procedure is continued un-
til the maximum surface temperature is within a speci� ed margin
D T above the ablation temperature [Tp to (Tp + D T )] at the lo-
cation where incident heat � ux is maximum. In this case, ablation
continues,which may be either localized or throughout the surface,
and hence the system equations (10–16) is solved iteratively sub-
jected to appropriate local boundary conditions that vary over the
surface. The heat � ux boundary condition is used locally if only
sensible heat transfer takes place, and the temperature boundary
condition is used when ablation continues at a location. To op-
timize the number of iterations, the d values to be assumed for
the next time level are obtained by extrapolation, based on val-
ues already obtained from previous time levels. The iterations be-
gin with the assumed values d (z, t )l + 1/ 2

assumed =2 d (z, t)l ¡ d (z, t )l ¡ 1/ 2

and d (z, t )l + 1
assumed =2 d (z, t )l + 1/ 2 ¡ d (z, t )l for half time step and one

time step levels, respectively.
The margin temperature D T used in the adjustable time step pro-

cedure is equivalent to the temperature rise at a surface node during
the period of one time step, if there were only sensible heating. It
was chosen to be 1 K for all calculations based on a convergence
study that showed that d values obtained converged to � ve decimal
places when expressed in milimeters. Thus, the time step for ADI

marching is determinedautomaticallyby the locationon the surface
where maximum sensible heating takes place, such that the maxi-
mum temperature rise is limited to 1 K per time step. The described
procedureof time step determination is repeated at every time level
so long as the ablation front advances.The time step so determined
not only satis� es the numerical stability criterionbut also tracks the
onset of ablation accurately when ablation is an intermittent pro-
cess, taking care of any kind of spatial and temporal variation of the
incident heat � ux.

Quasi-One-Dimensional Model

To suggest an optimum modeling method, the two-dimensional
model has been compared with a quasi-one-dimensional model un-
der different conditions. In the quasi-one-dimensional model, the
ablativematerial is dividedinto a numberof elements in the axial di-
rection,and in each element the temperature is assumed to vary only
in the radial direction. The inside surface of the ablative material
is assumed to be insulated. For each element, the one-dimensional
conductionequation in cylindrical coordinates is solved by a semi-
implicit � nite difference scheme, subjected to either the sensible
heating boundary condition or the Stefan condition at the surface,
dependingon whether ablation is taking place or not. Landau-type1

transformation is used for boundary immobilization, the details of
which are given elsewhere.8 The number of divisions to be made
in the axial direction depends on the spatial variation of the inci-
dent heat � ux and is decided based on a convergence study on the
resultant shape of the ablation front.

Results and Discussion
Validation

Unfortunately, for problems in cylindrical geometry, a two-
dimensional solution is not available in the literature. Conse-
quently, the two-dimensionalanalysishas been comparedwith one-
dimensional ablation, when both ends of a � nite length cylinder
are insulated and a constant heat � ux is applied to a relatively low
thermal conductivity ablative material. One-dimensional ablation
analyses in planar and cylindrical geometries in turn are validated
against Blackwell and Hogan.8 For the example problem given in
Ref. 8 (the geometry, material properties, and boundary conditions
are given in Fig. 3b here), Fig. 4 shows the effect of radial grid
size on the recession rate at t =2 s for planar one-dimensional ab-
lation and both one- and two-dimensional ablation in cylindrical
geometry. The cylindrical geometry considered is the same as the
planar geometry problem with the exception that the radius ro = X ,

Fig. 4 Effect of variation of radial grid size on surface recession rate.
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with ri =0. The exponentialpro� le given in Ref. 8, namely,

T (r) ¡ To

Tp ¡ To
= exp ¡

s(ro ¡ r)
a

was used as the nonuniform initial temperature. It can be seen that
whena polynomialof degree3 is � tted, the recessionrateat2 s for the
planarone-dimensionalablationtendsto the exactvalueof 0.4mm/s
as the grid size tends to zero. Convergence of the one-dimensional
ablation in cylindricalgeometry follows the same trend, and a third-
degree polynomial � t gives a recession rate of 0.40354 mm/s as the
grid size tends to zero. Note that the authors of Ref. 8 made use
of Richardson’s extrapolation to � nd the recession rate as grid size
tendsto zero,assuminga quadraticconvergenceas an approximation
(the authors conclude that “we do not know that the convergence is
quadratric; however, it should be a reasonable approximation. . .”).
The present study shows that the convergence is not quadratic, but
the deviation in the recession rate compared with Ref. 8 (which
gives a value of 0.40801 mm/s) is small, about 1%. Figure 4 also
shows that when one-dimensional conditions are simulated, one-
and two-dimensional solutions for ablation in cylindrical geometry
match very well. This procedureveri� es the accuracyof the present
analysis for two-dimensional ablation in cylindrical geometry.

The proposed effective inverse Stefan number procedure for ma-
terial Avcoat is now validated against experimental results. Ref-
erence 12 gives an experimental value for stagnation point sur-
face recession of 7.925 mm at 10 s, for an incident heat � ux of
33.61 MW/m2. By treating the problem as Stefan-type ablation, we
obtained corresponding m eff of 16.96 and the surface recession of
7.913 mm, with an error of 0.15% with respect to the experimental
value. This validates the present model against the experimental re-
sult for the surface recession rate. Reference 12 gives the details of
the experiment in which samples of different materials were tested
in an oxidizing environment in the NASA Ames Research Cen-
ter 60-MW interaction heating facility, for different cold wall heat
� uxes. The surface recessionwas measured by using a template and
a height gauge.

Comparison of One-Dimensional Ablation in Planar
and Cylindrical Geometries

For the same example problem considered in Fig. 3b, one-
dimensional ablation in planar and cylindrical geometries are com-
pared in Fig. 5 for the recessionrate and volume rate of ablation for
typical values of X / ri , when X is held � xed at 0.005 m. It can be
seen that for planar ablation (X / ri =0), the ablated material thick-
ness varies almost linearly with time, which results in a constant
recession rate of the ablation front. Because the surface area ex-
posed to the heat � ux does not vary with time, the volume rate of
ablation is also constant in this case. However, in the case of abla-

Fig. 5 Comparison of one-dimensional ablation in planar and cylin-
drical geometries.

tion in cylindrical geometry (X / ri > 0) as more and more material
is ablated, the surface area exposed to the heat � ux, which is a lin-
ear function of the outside radius of the virgin material, decreases.
Hence, the total heat load on the cylindrical body of the virgin
material decreases with time, thereby causing almost a linear fall
in the volume rate of ablation, as seen from Fig. 5. Furthermore, as
X /ri decreases, the slope of volume rate of ablationcurvedecreases
graduallyuntil it is zero for planar ablation.Because X is held � xed
for all � ve cases considered, the total heat load increases with de-
crease in X / ri , thereby shifting the volume rate of ablation curves
upward.

However, the recession rate increases with time because it de-
pends on the surface area exposed, incidentheat � ux, and heat con-
ducted into the material after accounting for latent heat of the ab-
lated material. The curvature effect of the ablating boundary plays
an important role because the recession rate is affected by X / ri .
The recessionrate at a given instant is maximum for a solid cylinder
(X / ri = 1 ) and decreases with decreasing X /ri for hollow cylin-
ders. The recession rate at any instant for a � nite X / ri would lie
between the planar and solid cylinder cases. For the same original
heat load because the exposed area of the cylinder decreases with
time, the ablatedmaterial thickness in cylindricalablation is always
larger when compared to the correspondingplanar case. This differ-
ence in predicted ablated material thicknesses becomes larger and
larger as time progresses because the effect of curvature plays an
important role when the originalvirgin material thicknessor X / ri is
relatively large.Hence, when ablationtakes placeover a long period
of time, the curvature effect cannot be neglected in ablation mod-
eling, and the planar approximation is not a conservative approach
while designing TPS for a cylindrical spacecraft. If ablation were
to take place on the inside surface of a hollow cylinder and proceed
outward (as in a rocket nozzle), the ablated material thickness at
any instant would be smaller when compared to the corresponding
planar ablation, and the velocity of ablation front would decrease
with time. In this case, even if the curvature effect were neglected
the approach would be conservative.

Ablation Modeling in Cylindrical Geometry
To suggest the optimum modeling method under different condi-

tions, quasi-one-dimensional and two-dimensionalmodels are com-
pared for two different ablative materials, namely, Avcoat 5026
H/CG and carbon. The cylindrical geometry with ri =1 m and l =
1 m and with an insulated boundary condition on the inside sur-
face is considered for this comparison. The effect of variation of
the proposed m eff with the incident heat � ux for Avcoat is studied.
To study the effect of highly conducting metallic structure when
the ablative material is bonded to it, a 2-mm-thick aluminum alloy
AA2014 (q s =2780 kg/m3 , cp ,s = 963 J/kg K, and ks=121 W/m K)
with rs =0.998 m is considered.

Avcoat 5026 H/CG

Ablationof low-thermal-conductivity,20-mm-thickAvcoat 5026
H/CG is considered.Four cases are studied for comparison,namely,
quasi-one-dimensional model, two-dimensionalmodel, two-dimen-
sional model with highly conducting cylindrical structure attached,
and two-dimensionalmodel with a constant effective inverseStefan
number.The grid sizes in the radial and axial directionswere chosen
to be 0.2 and 12.5 mm, respectively, based on a convergence study
on the shape of the ablation front and temperature � eld predictions
for a step change in the incident heat � ux, which can be considered
as the worst-case variation. A sinusoidal variation of the incident
heat � ux with respect to both axial and temporal coordinates in the
form

q(z, t) = {C1 + C2 sin( p t /5 ¡ p / 2)}{0.2 + sin( p z /l)} (17)

with C1 =12.51 £ 106 and C2 =1.16 £ 106 was chosen such that
over a period of 20 s it varies from 2.27 to 16.4 MW/m2 in two
cycles, to cover the range for which property data are available.

Figure 6 shows the shape of ablation front and inside surface tem-
perature distribution at 20 s for all four cases considered. It can be
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Fig. 6 Shape of ablation front and inside surface temperature distri-
bution, Avcoat.

seen that there is no signi� cant difference in the shape of the abla-
tion front predictedby quasi-one-dimensional and two-dimensional
models, and also there is no signi� cant effect of the highly con-
ducting cylindrical structure on this (� rst three cases merge in the
scale of Fig. 6). To study the effect of variation of m eff with the
incident heat � ux, a two-dimensional model with a constant aver-
age effective inverse Stefan number m avg = 7.844 was considered.
It is evident from Fig. 6 that the m avg model predicts considerably
smaller ablated material thickness for higher values of incidentheat
� uxcomparedto thevariable m eff model.The higherthe incidentheat
� ux, the larger is this differencebecause m eff decreases rapidly with
increase in incident heat � ux as shown in Fig. 2. As a consequence,
the m avg model predicts lower temperature for the interior surface of
the ablativematerial or the structureto which the ablativematerial is
bondedbecauseAvcoat is a reasonablygood insulator.The presence
of a highly conductingstructure makes the temperature distribution
more uniform in its vicinity because the gradient in the axial direc-
tion is only about 3 K compared to 60 K from the center to the end
when an insulated boundary condition for the interior surface of an
ablative material is assumed. Also, the structure reduces the max-
imum temperature attained by the interior surface of the ablative
material at the end of 20 s, by a large margin of about 57 K. The m avg

model predicts no temperature rise at all, and the inside surface of
the ablative material remains at the uniform initial temperature of
300 K. Hence, the variationof m eff with the incidentheat � ux cannot
be neglectedwhile designingthe TPS of a spacecraftbecause it does
not lead to a conservativeapproach.The m avg model can be adopted
only when the incident heat � ux variation with location as well as
time is not severe, so that m eff remains relatively constant over the
range of interest.

Figure 7 shows the temperature pro� les across the ablative ma-
terial both at the center and ends of the cylinder for all four cases
considered at the end of 20 s. It can be seen that there is no sig-
ni� cant difference between temperature pro� les predicted by the
quasi-one-dimensional and two-dimensional models, both at the
center as well as the ends of the cylinder. This suggests that for
a low thermal conductivity ablative material, even though the inci-
dent heat � ux variationalong the axial direction is severe, the quasi-
one-dimensionalmodel is good enough from both ablated material
thickness and temperature � eld predictionpoint of views so long as
ablation takes place everywhere,which need not necessarilybe uni-
form. It can also be observed that even though there is no signi� cant
effect of the presence of highly conducting cylindrical structure on
the shape of the ablation front, the temperature � eld is affected in
the immediate vicinity at the center. At the end of 20 s, because
the temperature of the inside surface at both ends of the cylinder
remains at the initial temperature, the effect of the structure cannot

Fig. 7 Temperature pro� le across Avcoat.

be observed here. The temperature pro� le predicted by m avg model
differs altogether because it predicts quite smaller ablated material
thickness.

The extrapolation of one-dimensional results while interpreting
m eff from Heff data for Avcoat, when the incident heat � ux varies
with location, is justi� ed by the comparisons between quasi-one-
dimensional and two-dimensional models because both models
match well as long as ablation is a nonlocalized and continuous
process.

Carbon

To study the effect of thermal conductivity of the ablative ma-
terial, ablation of 50-mm-thick, highly conducting carbon (the
temperature-dependent propertiesare takenfromRef. 9) isanalyzed.
Three cases are considered for comparison, namely, quasi-one-
dimensional model, two-dimensional model, and two-dimensional
model with highly conducting cylindrical structure attached. The
grid sizes in the radial and axial directions were chosen to be 1.25
and 12.5 mm, respectively, based on a convergence study on the
shape of ablation front and temperature � eld predictions. A sinu-
soidal variation of the incident heat � ux with C1 = 18 £ 106 and
C2 =8 £ 106 in Eq. (17) is considered such that over a period of
20 s it varies from 2 to 31.2 MW/m2 in two cycles, representative
of entry conditions. It was observed that for carbon, too, there is
no signi� cant difference between quasi-one-dimensional and two-
dimensionalmodelswhile predictingthe shape of the ablationfront,
and the presence of highly conducting AA2014 structure, too, has
no signi� cant effect on this.

Even though there is no signi� cant difference between quasi-
one-dimensionaland two-dimensionalmodels while predicting the
temperature � eld in the ablation zone, that is, at the center, the two
models differ quite signi� cantly in the nonablation zone, that is, at
both ends of the cylinder. This is shown in Fig. 8, in which tem-
perature pro� les across the ablative material are plotted both at the
center and the ends of the cylinder for all three cases considered
(the inset shows the region between rs = 0.998 m and r =1.03 m
magni� ed). It can also be seen that the presence of the highly con-
ducting AA2014 cylindrical structure is felt at locations even far
removed from the cylindrical structure because of the high thermal
conductivityof carbon.These observationscan be clearlyvisualized
from Fig. 9, where isotherms at 20 s are shown for all three cases.
The isotherm at 3616 K itself is the shape of the ablation front be-
causeablationhas stoppedat t = 18.5 s. The quasi-one-dimensional
model predicts lower temperature at any section in the nonablation
zone because the axial conduction of heat from the center (where
incident heat � ux is maximum) to the ends (where incident heat
� ux is minimum) is ignored by the quasi-one-dimensionalmodel. It
can be seen that the effect of the presence of the highly conducting
structure is quite signi� cant everywhere, even in the ablation zone.
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Fig. 8 Temperature pro� le across carbon; sinusoidal heat � ux varia-
tion.

Fig. 9 Isotherms for carbon; sinusoidal heat � ux variation.

Figure 10 shows the temperaturehistoriesof the outside and cor-
responding inside surfaces of carbon, at both the center and ends
of the cylinder. Both quasi-one-dimensional and two-dimensional
modelspredictalmostthe same temperaturefor theoutsidesurfaceat
the ablationzone, and the presence of a highly conductingstructure
has no in� uence on this. Because a sinusoidal variation of incident
heat � ux with time is considered, even at the center of the cylinder
ablationis a noncontinuousprocessbecausethe surface temperature
descends below the ablation temperature of 3800 K twice after it
begins at about 3.4 s. Even though the quasi-one-dimensional and
two-dimensional models predict almost the same temperature for
the inside surface in the ablation zone, the highly conductingstruc-
ture makes a strong presence because it reduces the temperature
level of the interior surface at any instant. It can be seen that, even
though ablation front stops to advance between 8.12 and 11.96 s, its
effect is not felt at the corresponding interior surface. However, in
the nonablation zone, quasi-one-dimensional and two-dimensional
models differ quite signi� cantly while predicting the temperatures
not only for the inside surface, but also for the outside surface, as
shown in Fig. 10. The quasi-one-dimensionalmodel predicts sig-
ni� cantly lower temperature for the outside surface, too, compared
to the two-dimensional model, as indicated earlier.

Fig. 10 Surface temperature history for carbon; sinusoidal heat � ux
variation.

Fig. 11 Surface temperature distribution for carbon; sinusoidal heat
� ux variation.

Figure 11 shows the temperature distribution of both inside and
outside surfaces at 20 s for all three cases considered. As far as
the outside surface is concerned, there are no signi� cant differences
in the three cases in the ablation zone. However, in the nonabla-
tion zone, the quasi-one-dimensional model predicts about 140 K
lower temperature compared to the two-dimensionalmodel (the in-
set shows the nonablation zone magni� ed). The effect of a highly
conductingstructure is not felt as far as the outside surface temper-
ature distribution is concerned in both zones. It can be seen that the
inside surface temperaturedistributiondiffers quite signi� cantly for
the two models in the nonablationzone. Also, the structure reduces
the temperaturegradientalong the axis, and it brings down the max-
imum temperature attained at the end of 20 s at the center, by about
42 K. These observationssuggest that as long as ablation takes place
everywhere, the ablative material thermal conductivity hardly has
any in� uence either on the shape of ablation front or the tempera-
ture � eld. The requirement for a two-dimensionalmodel arises only
when ablation is either noncontinuousor localized or both because
the quasi-one-dimensional model is not a conservativeapproachfor
temperature � eld prediction.
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Fig. 12 Shape of ablation front and inside surface temperature distri-
bution, carbon, step change.

Finally a step change in the incident heat � ux, 32 MW/m2 on
the � rst half of the cylinder and 2 MW/m2 on the second half of
the cylinder, is considered, which can be termed as a worst case of
heat � ux variation. Figure 12 shows the inside surface temperature
distribution and the shape of the ablation front at 10 s for the three
cases considered.An axial grid size of 12.5 mm is suf� cient even for
the worst-casevariationbecauseboth the shape of the ablation front
and the inside temperature distribution converge. The effect of two
dimensionality can be readily seen because the temperature distri-
butions predicted by quasi-one-dimensional and two-dimensional
models differ signi� cantly. Diffusion of heat takes place from the
high heat � ux zone to the low heat � ux zone, thus affectingthe inside
surface temperature distribution at both zones over a considerable
axial distance of about 0.22 m. It can also be seen that the presence
of a highly conductingcylindricalstructure reduces the temperature
level quite signi� cantly in the high heat � ux zone (by about 30 K)
compared to the low heat � ux zone (about 12 K).

Conclusions
Two-dimensional ablation in cylindrical geometry has been con-

sidered with temporal and spatial variations of the incident heat
� ux, which is solved by an adjustable time step ADI scheme, cou-
pled with local boundary immobilization. The effect of curvature
is quite signi� cant, and the planar approximation is not a conser-
vative approach. An ef� cient modeling method has been brought
out to account for indirectly the intermediate transformationsof the
composite materials, through the use of an effective inverse Stefan
number. The average effective inverse Stefan number model is not
a conservative approach for TPS design, particularly when the in-
cident heat � ux varies quite signi� cantly with location. As long as
ablation takes place throughout the surface and is continuous, there
are no signi� cant differences between the quasi-one-dimensional
and two-dimensional models, and the thermal conductivity of the
ablative material does not play a signi� cant role. However, if abla-
tion is a localizedor intermittentphenomenonor both, the two mod-
els differ quite signi� cantly while predicting the temperature � eld,
which is vital, particularlyfor highly conductingablativematerials.
The presence of a highly conducting material structure reduces the
temperature gradient in the axial direction in its vicinity, and it has
no signi� cant effect on the ablated material thickness.

The major indications on the modeling method from this study
are the following:

1) When the effect of structure has to be considered, the quasi-
one-dimensionalmodel requires an iterative solution; however, for
the two-dimensional model, a standard ADI scheme and tridiag-
onal matrix algorithm can be used and, hence, computationwise
it is advantageous. Modeling is easier for quasi-one-dimensional
model compared to two-dimensionalmodel only when the structure
is not present.Also the thicknessvariationof the ablativematerial in
the axial direction can be easily handled by quasi-one-dimensional
model if an axially varying thickness TPS is adapted.

2) The quasi-one-dimensional model is accurate for all ablative
materials irrespective of thermal conductivity when ablation is a
continuousand nonlocalizedphenomenonand is suitable when the
incident heat � ux is not a strong function of location because the
computationtime increaseswith the number of elements in the axial
direction. The possibility of the localized and noncontinuous abla-
tion necessiates the requirement of a two-dimensional model, par-
ticularly for high thermal conductivitymaterials because the quasi-
one-dimensionalmodel does not lead to a conservativeestimate for
the temperature.
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